
Adsorption Rate Constants from 
Chroma tog ra ph y 

P. SCHNEIDER and J. M. SMITH 
University of Californio, Dovis, Colifornio 

A new method for determining adsorption equilibrium constants, rate constants, and intraparti- 
cle diffusivities is described and applied for the adsorption of ethane, propane, and n-butane 
on silica gel. The method rests upon recently developed theory for relating the moments of the 
effluent concentration wave from a bed of adsorbent particles to the rate constants associated 
with the various steps in  the overall adsorption process. It is necessary to operate at concentra- 
tions of adsorbable gas such that the adsorption isotherm is linear. However, it is possible to 
take into account effects of longitudinal dispersion and diffusion to the particle surface as 
well as the intraparticle processes of diffusion and adsorption on the pore surface. 

The method gave reasonable values for intraparticle diffusivities and adsorption rate con- 
stants. Intraparticle diffusion was a major resistance for all particle sizes studied and for the 
largest size (R = 0.50 mm.) this step controlled the overall rate. 

From the consrants determined chromatographically it i s  possible to predict breakthrough 
curves for the adsorption of these hydrocarbons on silica gel. The predicted curves agree we l l  
with experimentally established breakthrough curves. 

The importance of separating gases by fluid-solid opera- 
tions has created a need for predicting the performance 
of adsorption equipment. The design of fixed-bed ad- 
sorbers particularly involves the prediction of the concen- 
tration-time relationship, or breakthrough curve, of the 
effluent stream. Apart from the influence of axial disper- 
sion, a mathematical model of adsorption from the gas 
stream should take into account: (a)  diffusion of the 
component from the main body of the gas phase to the 
external surface of the adsorbent particle (external diffu- 
sion), (b)  diffusion through the porous network of the 
particle (internal diffusion), and (c)  the adsorption 
process itself. Quantitative treatment of rates of adsorption 
using this model requires values of the diffusion and ad- 
sorption rate constants that describe the three steps. The 
purpose of this study is to show that such constants, as 
well as axial diffusivities, can be evaluated from relatively 
simple chromatographic measurements. The overall valid- 
ity of the methods can be ascertained by comparing 
breakthrough curves measured experimentally with those 
predicted from the rate constants. 

P. Schneider is on leave from the Institute of Chemical Process F'un- 
damentals, Czechoslovak Academy of Sciences, Prague, Czechoslovakia. 

THEORY 

The concentration, c(z, t ) ,  of the adsorbing gas as a 
function of time and axial position in the bed can be ob- 
tained by solving the following system of equations: 
mass balance of the adsorbable component in the gas 
phase: 

E A  8% ac ac 30, i--cu (:;> 
----u------ - = o  (1) 

a22 az at R .a T = R  

mass balance of this component in the particle 

0 ( 2 )  at  6 at  
rate of adsorption (assumed to be linear) 

external diffusion boundary condition 

internal diffusion boundary condition 

(3)  
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dCi 
- = 0  at T = O  for t > O  ( 5 )  ar 

and the initial conditions 

c=O,  at z > O  for t = O  (6) 

ci = 0, at T ~ O  for t = 0 (7) 
Conditions (6)  and (7) state that the adsorbent does not 
contain any adsorbed species at the start of the run. Then 
condition (8) specifies that at the bed inlet the concen- 
tration of the adsorbable species is maintained constant, 
thus 

c = c o  at z = O  for t > O  (8) 
Recently Masamune and Smith (2 ,  2) have solved this 

problem when axial dispersion plays no role ( E A  = 0) and 
when the equilibrium adsorption isotherm is linear 
(Henry's region). They used the mathematical method 
first developed by Rosen (3) for the case when only in- 
traparticle diffusion is significant. The solution is ex- 
pressed in terms of an infinite integral which must be 
evaluated numerically: 

c ( z , t )  -= 
co 

+ ( 2 / ~ ) ~ 0 m  ( l / y )  exp [ A i ( y ) l  sin CAz(y)ldy (9) 

Al(Y) = 

- 3 D [ o i + E  (w12+022)] / [ ( l+Ew1)2+ ( E ~ z ) ~ l  
(10) 

(11) 

(12) 

Az(y) = D{Ay2- [ 3 0 2 / [  (1 + E 0 1 ) ~  + (E ~ 2 ) ~ 1 1 )  

fol = MI sin(241) 

"2 = [#JZ sin(W1) 

+ $2 sinh(2&)l/[cosh(2+~) - cos(%i)l- 1 

+ 41 sinh(2&)]/[cosh(2+~) - cos(241)l (13) 

#JZ = dAyz/12(@+ 1 > ( d ~ - y 2 ) 1  (15) 

7 = t / t ,  (16) 

In these equations r is a normalized time 

where to is the time necessary for saturation of the ad- 
sorbent under conditions where there is no resistance at 
all. It is given by 

( 17) 
l - f f  2 

to = - p p  K A  - 
a 0 

They contain the rate constants which describe external 
diffusion, internal diffusion, and adsorption rate, and are 
therefore characteristics of these processes. 

When the rate constants D,, kf and kads are known, it 
is possible to calculate by means of Equations (9) to (20) 
the c = c(t,x = const ) curve, point by point, for an ad- 
sorber bed characterized by the values of z, a, p p ,  R, and 
for a specific value of the gas velocity, 0. However, the 
values of the constants are rarely known. In fact the usual 
procedure of finding them consists of comparing experi- 
mental breakthrough curves obtained in a small adsorber 
with curves predicted from Equations (9) to (20). Such 
a procedure is not very satisfactory because more than 
one set of the three Constants can usually be found which 
give a curve in good agreement with the experimental 
data. What is needed is an independent method of finding 
these constants by using a simple experimental and 
evaluation technique. 

Recently there have appeared papers ( 4  to 6 )  which 
greatly improved the theoretical treatment of gas-solid 
chromatography. The Kubin and Kucera theory appears 
to be more general than the earlier work of van Deemter 
and Zuiderweg, and the equations of the earlier theories 
can be developed as special cases of the Kubin and 
Kucera theory. The set of differential equations which 
describe the movement of an adsorbable substance in a 
chromatographic column is identical with the set for an 
adsorber, that is, Equations ( 1 )  to (7). The only differ- 
ence in the two cases is the bed-inlet condition. Instead 
of Equation (8), the pulse input can be described by the 
square function (4,5) 

c = c o  at z = O  for O ~ t ~ t , ,  

c = 0 at z = 0 for t > toA (21) 
where toA is the injection time of the adsorbable gas of 
concentration c,. By using the Laplace-Carson transform 
as defined by Equation (22) we obtain 

(22) 

Kubin ( 5 )  solved the system of Equations (1) to (7) 
and (21), and obtained for the transform, s(z ,p) ,  of the 
concentration function, c (  z , t ) ,  the expression 

(23) s ( z ,p )  = c o [ l  - exp ( - p t O A ) I  exp ( 7 2 )  

where 

and 

sinh (Rfl 
( p D J k f )  6 c o s h  ( Rdr) + p [ 1 - (D , /Rkf )  ] sinh ( RVQ R a  P 

P@ ( P ~ / B ) K A  kads ,=-[I+ Dc K A ~  + kads 

The dimensionless parameters D, E, and A [Equations 
(18) to (20)l  are defined as follows: Though it does not appear feasible to invert the transform, 

it is possible to obtain directly from s(z,p),  explicit ex- 
D=--- D, l - - a  z (18) pressions for the moments of the chromatographic curve, 

R2 G u c ( z , t ) .  
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The nth absolute moment, p',,, of the function, c(z, t ) ,  
is defined as 

where 
P'n = m n h ,  (27) 

m, = J r t n c ( z , t ) d t  ( n  = 0, 1,2,3,. .) (28) 

The nth central moment pn is defined as 

p,, = (l/mo)Jow ( t - p ' l ) n c ( z , t ) d t  (29) 

(The first absolute moment, +/I, characterizes the position 
of the center of gravity of the chromatographic curve, 
whereas the second central moment pz  depends on the 
width of this curve.) The evaluation of the moments (7) 
from a knowledge of s( z,p) is based on 

By using Equations (27) to (30) together with Equa- 
tions (23) to (26) the first absolute, and second and 
third central, moments ($,, pz, p3)  can be expressed as 
follows : 

P'1 = (210) (1 + 80) + (toA/2) (31) 

Experimental chromatographic curves of the effluent 
from the bed can be used in Equations (27) to (29) to 
evaluate the moments pjI and p2. Data at different veloci- 
ties and particle radii, R, will give the moments as a 
function of these two variables. Then Equations (31), 
(32),  (34) ,  and (35) can be used to evaluate the axial 
dispersion coefficient, EA, intraparticle diffusion coeffi- 
cient, D,, adsorption rate constant, kads, mass tranfser 
coefficient, kf, as well as the adsorption equilibrium con- 
stant, &. In this way all the constants necessary for the 
prediction of the breakthrough curve by means of Equa- 
tions (9) to (20) are available. (The axial dis ersion 

because the mathematical model of adsorber on which 
Equations (9) to (20) are based does not take into ac- 
count axial dispersion). 

In  this study both chromatographic curves and break- 
through curves were measured experimentally. Rate con- 
stants were evaluated from the chromatographic curves 
and used to predict breakthrough curves. Agreement be- 
tween the experimental and calculated curves should con- 
firm the theory of gas-solid chromatography as well as 
the model used for the adsorber. Good agreement would 
also suggest that the rate constants determined by gas 
chromatography have physical significance and are not 
simply empirical constants. 

coefficient, EA, is not used in these latter calcuations, P 

EXPERIMENTAL 
Breakthrough and chromatographic curves of ethane, pro- 

pane, and n-butane, on silica gel at 50°C. and atmospheric 
pressure, were measured. Helium was used as the carrier gas 
and the concentrations of hydrocarbon were very low so that 
the assumption of the linear adsorption isotherm was ful- 
filled. This was tested by comparing KA, determined chro- 
matographically, with the value measured by the dynamic 
adsorption method. The injection of the square concentration 
function. Equation ( 21 ), was accomplished with a special 
sampling valve, rather than by injection of the sample with 
hypodermic syringe, which is frequently used. The three par- 
ticle sizes of silica gel which were used covered a twentyfold 
range of R2 (0.012-0.25 sq. mm.), the velocity of carrier gas 
ranged from 1.2 to 15 cm/sec. 

Adsorbent 

Silica gel of 6-16 mebh was fractured, ground, and separated 
by sieves. The sizes were chosen so that the average of the 
openings of two adjoining sieves differed from the dimension 
of the openings of these two sieves by 7 to 8%. This average 
opening was taken as the diameter of the equivalent spherical 
particle. For the equilibrium adsorption measurements particles 
of R = 0.04 mm. were used. In the other experiments frac- 
tions of R = 0.50, 0.39, and 0.11 mm. were utilized. The 
pretreatment of the adsorbent consisted of heating in the ap- 
paratus for 18 hr. at 200°C. in a stream of dry helium, The 
physical properties of the gel (8)were specific surface area 
832 sq. m./g., void volume 0.43 ml./g., internal void frac- 
tion = 0.486, particle density pp = 1.13 g./ml. The average 
pore radius was 11 A. 
Gases 

The helium of stated purity 99.99% was dried before use 
by passing it through a metal trap cooled by a dry ice- 
acetone mixture. To avoid the necessity of regulation and 
measurement of flow rates differing by two or three orders of 
magnitude, the hydrocarbons were used in the form of dilute 
mixtures with helium. These mixtures contained 4.0 vol. % 
ethane, or 4.0 vol. % propane, or 0.92 vol. % n-butane. Prior 
to adsorption these individual streams were mixed with ad- 
ditional pure helium and dried by passing through cooled 
( dry ice-acetone) traps. 

Pure hydrocarbons were used for calibration purposes. These 
were chemically pure grade (purity > 99% ) gases. 

Equilibrium Adsorption M e a s u r e m e n t s  

Equilibrium adsorption isotherms of the individual hy- 
drocarbons were measured by the dynamic flow method in 
a Perkin-Elmer Shell Sorptometer. Figure 1 is a schematic 
drawing of the apparatus. The flow rates of pure helium and 
the helium-hydrocarbon mixture were maintained constant by 
automatic pressure regulators regulated by needle valves, and 
measured by calibrated capillary flowmeters. After mixing, 
these two streams passed through the cooled trap and en- 
tered the reference side of the thermal conductivity cell, 

2 4 

I MIXTURE 

5 

PURE @-& 
HYDROCARBON 
Fig. 1. Schematic diagram of the adsorption apparatus. 1. gas cyl- 
inder; 2. automatic pressure regulator; 3. needle valve; 4. capillary 
flowmeter; 5. rotameter; 6. cooling trap (dry ice-acetone mixture); 
7. reference side, thermal conductivity cell; 8. sample side, thermal 
conductivity cell; 9. water bath; 10. four-way valve; 11. adsorber; 
12. constant temperature bath; 13. six-way calibration valve; 14. 

calibration loop. 
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which was immersed in a constant temperature water bath. 
Leaving the cell the gases entered the adsorber via a four- 
way metal valve. The adsorber consisted of a U-tube, in one 
arm of which was the bed of adsorbent. During the adsorption 
run the adsorber was in a constant temperature water bath, 
in which the temperature was maintained at  50°C. 
( 2  0.05°C.). For desorption the adsorber was immersed in 
an oil bath heated to 200°C. by means of the immersion 
heater. Leaving the adsorber, the gases passed through the 
sample side of the thermal conductivity cell, and then were 
discharged via a soap flowmeter. The sample loop with the 
six-way valve served for introducing into the gas stream a 
known amount of pure hydrocarbon (from cylinder via the 
regulation needle valve and rotameter). 

During the run the gas mixture with a known context of 
hydrocarbon passed through the adsorber. When adsorption 
was completed (usually after 1 hr.) the four-way valve was 
turned so that the adsorber was disconnected from the 
flowing gas. The water bath was replaced by the heated 
oil bath and desorption proceeded at  200°C. (for about 15 
min.). After turning the four-way valve the desorbed hydrocar- 
bon was flushed from the adsorber into the sample side of the 
thermal conductivity cell by the gas stream. The amount of 
the desorbed hydrocarbon was determined by comparison of 
the areas of the desorption and calibration peaks. The latter 
was obtained by flushing with helium a known amount of 
pure hydrocarbon, contained in the calibration loop, through 
the conductivity cell. 

The areas of the desorption and calibration peaks were 
measured by the Perkin-Elmer Printing Integrator (model 
194B) and by weighing the cut-out peaks. The agreement of 
these two methods was within 1 % . 
Chromatographic and Breakthrough Measurements 

Chromatographic and breakthrough curves were measured 
in the apparatus schematically sketched in Figure 2. This 
included a constant temperature gas chromatograph ( Model 
600-D, Varian Aerograph ) with flame ionization detector. The 
ordinary chromatographic column was replaced by shorter 
columns which contained silica gel. A six-way, two-position 
sampling valve, built in the chromatograph, permitted in- 
jection of a step function in concentration (when the break- 
through curves were measured) as well as a square function 
(in following the chromatographic peaks). The left part of 
Figure 2 represents the setup for preparation of helium-hydro- 
carbon mixtures. In Figure 3 the two positions of the sampling 
valve are depicted together with the directions of the flowing 
gases. The outlet of the column was connected directly to the 
flame ionization detector. The short tubing which connected 
the sampling valve with the column inlet was 0.04 in. I.D. so 

I 
I 
I 
I 
I 
I 
I 

-1 

Fig. 2. Schematic diagram of the apparotus. 1. gas cylinder; 2. outo- 
matic pressure regulator; 3. regulation needle valve; 4. capillary flow- 
meter; 5. cooling trap (dry ice-acetone mixture); 6. mercury manom- 
eter; 7. two-position, six-way sampling valve (see also Figure 3); 8. 
needle valve; 9. column with adsorbent; 10. flame ionization detec- 
tor; 11. electrolytic generator of hydrogen; 12. air pump; 13. chro- 

matograph oven. 

3 

2 
I 

4 

-2 2 

I I 

b B bs a A a 

Fig. 3. Sampling valve. A. arrangement for chromatography, 8. ar- 
rangement for breakthrough curves measurement; la) normal posi- 
tion, (b) feeding position. 1. carrier gas (helium) inlet; 2. to the 
column; 3. hydrocarbon-helium mixture inlet; 4. hydrocarbon-helium 

mixture outlet; 5. carrier gas outlet; 6. sample loop. 

that the holdup volume in the apparatus was very small. 
When the chromatographic curves were measured, injec- 

tion of the helium-hydrocarbon mixture was accomplished 
by pushing the piston of the sampling valve from position 
A-a into position A-b (Figure 3). After the helium-hydrocarbon 
mixture from the sample loop was flushed with the carrier gas 
(helium) into the column, the piston was returned again 
into position A-a. Two sizes (0.25 and 1.0 ml. ) of sample loops 
were used. 

The measurement of the breakthrough curves was started 
by replacing the stream of helium, flowing at the beginning 
through the column, by the stream of helium-hydrocarbon 
mixture. The positions of the six-way valve initially and after- 
wards (B-a and B-b) are shown in Figure 3. In order to pre- 
vent changes in flow rate of the helium-hydrocarbon mixture 
after switching the sampling valve, the pressure in the feed 
line was adjusted by means of the needle valve (Figure 2 )  to 
the value of the carrier gas pressure at  the bed inlet. However, 
this pressure was only a few millimeters of mercury higher 
than the pressure at the outlet of the column. 

The columns (containing silica gel) were made of copper 
tubing. For particle size R = 0.11 mm., the column was 
Y4 in. O.D. and 30.1 cm. long (cross-sectional area 0.189 sq. 
cm.). For particle sizes R := 0.39 and R = 0.50 mm., % in. 
O.D. tubing, 13.0 cm. long, was used (cross-sectional area 
0.472 sq. cm. ). The interparticle void fractions ( external 
porosities) a, for these columns were calculated from the 
known volume of the column (determined with mercury), 
and the weight and apparent density of silica gel. For R = 
0.11 mm., R = 0.39 mm., and R = 0.50, these external 
void fractions were 0.378, 0.360, and 0.340. The intraparticle 
void volumes per unit of interparticle voids [p(I - a)/a] 
were, respectively, 0.800, 0.864 and 0.945. 

CALCULATIONS 
Evaluation of Moments of the Chromatographic Curves 

Because of the direct proportionality between the gas 
concentration and the deflection of the recorder connected 
with the ionization detector at the column outlet, it is 
possible to evaluate the moments using the observed de- 
flection in place of concentration in  Equations (28) and 
(29). 
The integrals were evaluated numerically (IBM 7044 com- 
puter) from the chromatographic curves using Simpson's 
rule. 

Predicted Breakthrough Curves 

Predicted breakthrough curves from Equations (9) to 
(20) are  based on evaluation of the infinite integral, 

JOm ( ~ y )  exp C A ~ ( ~ ) I  sin [~z(y)~dy, for proper values 
of the dimensionless parameters A, D, E and for definite 
values of the dimensionless time, T .  Since the integrand 
converges to zero as y increases, it was possible to replace 
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HYDROCARBON CONCENTRATION,c,prnole/rnl 

Fig. 4. Equilibrium of hydrocarbons on silica gel a t  50°C. (Dashed 
lines represent linear isotherms obtoined by chromatography, circles 

and solid lines are for dynamic adsorption method). 

the improper upper limit by a finite one (yend) ,  chosen so 
that ( l / y e n d )  exp [A1(ye,d)] 6 5 x The integral 
was then evaluated numerically using Simpson's rule. A 
program was written which automatically changed the in- 
tegration step (hy )  as long as the accuracy of the value 
of the relative concentration c/c, was better than 
5 x The numerical work was carried out on the 
IBM 7044 computer. 

I I I I 

I ETHANE ' 

3 2 PROPANE 
I /  3 N-BUTANE 

EQUIL IBRIUM ADSORPTION RESULTS 

The low pressure adsorption isotherms of the three 
hydrocarbons are shown in Figure 4. Ethane exhibits a 
linear isotherm over the whole concentration range, while 
the curves for propane and n-butane have a linear por- 
tion only up to gas concentrations equivalent to 2 and 1% 
(by volume at 1 atm. total pressure). The degree of 
coverage of the silica gel surface was calculated for pro- 
pane (8,ro,) using the value (30.3 sq. A) recommended 
by Taylor and Atkins (9) for the area occupied by a pro- 
pane molecule. From the isotherms it is evident that the 
linear region extends only over a few percent of mono- 
layer coverage. The adsorption equilibrium constants, KA, 
determined from the linear region are summarized in 
Table 1. At 50°C. the adsorption coefficient of propane 
is 4.5 times larger than that for ethp.ne, while K A  for 
n-butane is in turn 4.8 times larger than the propane 
coefficient. Hence, for the substances studied the addition 
of a methylene group to a normal paraffin molecule causes 
nearly the same relative increase in adsorption coefficient. 

TABLE 1. ADSORPTION COEFFICIENTS ON SILICA GEL AT 50°C 

Adsorption coefficient, KA, (ml./g. SiOz ) 
From equilibrium From evaluation of 

adsorption chromatographic 
Hydrocarbon measurements peaks 

ethane 
propane 
n-butane 

14.5 
63 

308 

14.6 
65.4 

311 

GAS-SOLID C H R O M A T O G R A P H Y  

A necessary condition for the theory of chromatography 
and breakthrough curves utilized in this paper is the 

linearity of the adsorption isotherm. For nonlinear iso- 
therms the moments of the chromatographic curves should 
depend on the concentration in the injected pulse (10). 
However, it is expected that the concentration indepen- 
dence of the moments will extend somewhat beyond the 
concentrations for which the equilibrium adsorption is 
linear. This is because the concentration of the pulse 
travelling through the column rapidly decreases (1 1 ) . 
During a substantial fraction of the time the pulse spends 
in the column, the concentration is far lower than it was 
at injection. This is confirmed in Figure 5, which shows 
that the first absolute moment, as well as the second 
central moment, of the chromatographic curves are inde- 
pendent of the concentration in the injected pulse up to 
concentrations higher than expected from the adsorption 
isotherms (Figure 4 ) .  Thus it should be possible to use 
pulses of ethane and propane containing up to 4% (vol.) 
of hydrocarbon, and pulses of n-butane with as much as 
2%. However, in the subsequent work the concentrations 
used were 1.0, 1.0 and 0.5% for ethane, propane, and 
n-butane, respectively. Figure 5 also shows the degree of 
reproducibility of the first absolute moment and second 
central moment. 

First Absolute Moments (Equilibrium Constants) 
From Equations (31) and (34) it follows that 

where 

(37) 

(38) 
The first absolute moment for a nonadsorbable (inert) 
substance is given by Equation (31) with KA = 0 and 
toA = 0. Hence 

I N BUTANE 1 v = 565 crn/m,n 

I I I I I 
.- 

- E. 
PROPANE i 

n n n  P - 0  -0.3 [r 

z W 
0.2 u 

n z 
0 0 

v) 

- 

ETHANE 

v = 406 cm/min 0.03 - 
* a *  a 

w -,w P + P 

n 

1 / 0 . 0 3 '  v = 406 cm/min 

ETHANE 

I I 1 I 40.02 

b 
VOL% OF HYDROCARBON IN SAMPLE 

Fig. 5. Effect of hydrocarbon concentration on first and second mo- 
ments a t  50°C. (Column length 30.1 cm., particle size, R = 0.1 1 mm., 

sample size 0.25 ml.). 
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PROPANE 
N-BUTANE 

R = 0.1 I rnm 
R =  O.39mm 
R =  0.50rnrn 

z / v ,  min 

Fig, 6. Chromatography of hydrocarbons on silica gel (50°C.). (De- 
pendence of the reduced first absolute moment on z /v) .  

It was necessary to calculate (p()inefi in this way rather 
than measure it experimentally because the flame ioniza- 
tion detector did not respond to inert gases. 

According to Equation (37) a plot of the reduced 
moment (the left member of the equation) vs. z / v  should 
be a straight line through the origin. Furthermore, data 
for different sizes of silica gel particles should fall on the 
same line. Such a plot of the moments obtained from the 
chromatographic curves for three particle sizes is given 
in Figure 6 for the various hydrocarbons. It is apparent 
that the linearity requirement is fulfilled. The values of 
K A  determined from the slopes of the lines and Equation 
(37) are given in Table 1. The agreement between these 
K A  values and those determined from direct equilibrium 
measurements is good; the difference is about 1% for 
ethane and n-butane, and 3% for propane. 
Second Central Moments 

Equations (32), (34), and (35) relate the second cen- 
tral moment, M, of the chromatographic peak at the col- 
umn outlet to the width of the injected pulse ( t o A ) ,  the 
parameters which characterize the column and the ad- 
sorbent ( x ,  a, ,$, pp, R ) ,  the constants which describe the 
adsorption ( K A ,  kads), and the diffusional transports co- 
efficients (Dc, kf). Furthermore p2 is dependent on the 
velocity of the carrier gas. For analyzing the experimental 
data, Equation (32) was transformed into the form 

2 
t o A  

where 

8, + St + 6, = 61 
The mass transfer coefficient, kf, in Equation (43) de- 
pends in general on the velocity and the diameter of the 
particles. In analogy to the correlation of the heat transfer 
coe5cient for forced convection around a sphere, the 
following correlation for mass transport coe5cients has 

(44) 

Fig. 7. Chromatography of ethane (50°C.). Dependence of [@a- 
( t20A/ l  Z ) ]  / 2 ( z / v )  on l / v z .  

been proposed (12) : 

N N U A B  = 2.0 -k 0.60 ( N R r )  ( N s c )  (45) 

where the Nusselt number for mass transfer is defined as 

2R kf 
"UAB = 

and the Reynolds and Schmidt numbers have their usual 
meaning 

2R v 
R ' R ~  = - 

U 

v 
Rlsc = - 

DAB 
Wakao (13)  found this form of correlation satisfactory 
for data in packed beds down to very low values of the 
Reynolds number. At ]!ow Reynolds number Equation 
( 4 5 )  shows that N N ~ A B  = 2.0 and the mass transfer co- 
e5cient is given by 

Accordingly, the mass transfer coefficient at low Reynolds 
numbers does not depend on velocity and is inversely 

kf R = DAB (46) 

1os/v2,(min/cm)* 

Fig. 8. Chromatography of propane (50°C.). Dependence of [pz- 
( t 2 0 a / 1 2 ) ] / 2 ( z / v )  on l / v 2 .  
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Fig. 9. Chromatography of n-butane (50°C.). Dependence of [p2- 
(t20A/12)]/2(z/v) on I/+. 

proportional to particle size. In a11 experiments reported 
here the Reynolds numbers were very low so that Equa- 
tion (46) was always applicable. Substituting Equation 
(46) into Equation (43) suggests that none of the 6's 
depends on the velocity of the carrier gas. Therefore ex- 
perimental data plotted as the left side of Equation (40) 
vs. 1 /02  should lie on a straight line with a slope of 
Ea ( 1  + S,)2/~ and intercept (6, + 6i + 6,). This is 
demonstrated in Figures 7, 8, and 9 which summarize 
the chromatographic data for ethane, propane, and n-bu- 
tane for the three particle sizes. 

If data were obtained for very high flow rates of the 
carrier gas (high N R e )  the mass transfer coefficient in- 
creases and the term 8, decreases toward zero. In this 
case the experimental data should again fulfill the linear 
dependence between the left side of Equation (40) and 
l/u2. The slope of such a straight line would again be 
EA (1 + .S,)2/a, but the intercept is now equal to (8,  + 
&) - 
Axial Dispersion Coefficients 

As K A  (and hence, 6,) are known from the analysis of 
the first absolute moments, the axial dispersion coefficients, 
EA,  can be obtained from the slopes of the straight lines 
in Figures 7, 8, and 9. These coefficients are summarized 
in Table 2 together with the external tortuosity factors, 

TABLE 2. AXIAL DISPER~ION COEFFICIENTS (50°C.) 

Hydrocarbon 
Particle 
radius pro- 
(mm.) ethane pane n-butane 

0.11 0.123 0.103 0.117 
EA, sq.cm./sec. 0.39 0.127 0.117 0.123 

0.50 0.130 0.125 0.130 
DAB* sq.cm./sec. 0.590 0.483 0.462 

avg. 
0.11 1.81 1.77 1.49 1.69 

qext 0.39 1.67 1.49 1.35 1.50 
0.50 1.55 1.31 1.21 1.36 

Q The molecular dihsivities, DAB, were calculated from Hirschfeld- 

er's equation (12).  The potential constants, e / k  and c, for ethane and 
propane were those published by Bird, Stewart and Lightfoot (12); 
potential constants for n-butane were taken from Reid and Shenvood 
(16). 

qext, defined by the equation 

(47) 
ff 

EA =- DAB 

This definition supposes that the void structure of the bed 
of adsorbent can be represented by a parallel assembly of 
cylindrical capillaries of the same average diameter run- 
ning in the direction of the gas flow. The tortuosity factor 
expresses the average length of the path followed by the 
flowing gas, relatively to the length of the bed. Equation 
(47) also is based upon the assumption that the axial 
dispersion is due only to molecular diffusion in the inter- 
particle space, This is justified because at low Reynolds 
numbers the Peclet number is proportional to the Reyn- 
olds number. 

According to this model, the external tortuosity factor 
for different hydrocarbons should be nearly the same, as 
long as the particle size of the adsorbent and the packing 
of the bed are the same. The data in Table 2 scatter some- 
what but, in general, support this view. For each particle 
size the largest deviation of the tortuosity factors from 
the average value is approximately 10%. It also appears 
that the average value of qeXt decrease with increasing 
particle size, indicating that the path length is shorter for 
larger particle diameters. This is reasonable since beds 
formed from larger particles have larger interparticle void 
spaces. The difference in external void fraction, a, be- 
tween the smallest ( R  = 0.11 mm.) and largest ( R  = 
0.50 mm.) particles is about 11% while the difference in 
external tortuosity factors is about 20%. 
Adsorption Rate Constant 

Since kf is given by Equation (46),  it was possible to 
determine the adsorption rate constant kads, and the ef- 
fective internal diffusion coefficient, D,, for each particle 
size, from the intercepts in Figures 7 to 9. First the 
method of obtaining kads is described. Figure 10 is a plot 
of the intercepts in Figures 7 to 9, which according to 
Equation (44) are equal to 61 vs. R2. Reference to Equa- 

qext 

PARTICLE RADIUS, R , mm 

m- 
5 / 

0- 

ETHANE 

IO'R', c m a  

Fig. 10. Dependence of 61 on R2. 
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tions (41) to (44), shows that such a plot should be a 
auaight line with an intercept equal to 6,. Values of 6, 
established from the three curves in Figure 10 can be 
used in Equation (41) to determine kads. The results are 
as follows: 

Substance kads (50OC.) 
ml./g. Si02 

ethane 167. 
propane 255. 
n-butane 1500. 

The accuracy of these adsorption rate constants is un- 
certain due to the rapidity of the adsorption process on 
the silica gel surface. This results in a very small inter- 
cept, 8,. However, ksds does increase with molecular 
weight of adsorbent as would be expected. 

lntroparticle Diffusivity 
The slopes of the lines in Figure 10, according to 

Equations (42) and (43), are equal to (& + S,)/R2. 
Since k f  and KA are known, 6, can be determined and 
used with these slopes to establish values of 6i. Then D, 
is obtained from Equation (42). The effective diffusivities 

in silica gel are very small, transport in the pore vo pOreS ume 
so determined are presented in Table 3. Since the 

is by Knudsen diffusion. If the porous gel is represented 
by an assembly of parallel, cylindrical capillaries, the 
effective dsusivity can be used to define an internal tor- 
tuosity factor, qint, according to the usual equation 

D, = - ’ D k  (48) 
qint 

In this expression DK is the Knudsen Wusivity evaluated, 
a t r =  11 A., from the equation 

(49) 

The internal tortuosity factors so calculated are also given 
in Table 3. 

TABLE 3. EFFECTIVE DIFFUSION COEFFICIENTS (50°C.) 

Ethane Propane n-Butane 

D, x 103 (sq.cm./s) 1.41 1.54 2.93 
DK x I@ (sq.cm./s) 3.48 2.89 2.52 
qint 1.20 0.91 0.42 

For a porous solid with only one maximum in the 
volume distribution of pore radii, as is the case for silica 
gel, Equation (54)  should correlate diffusivities reason- 
ably well; that is, qint should be constant (14). The 
level of qint should be greater than unity and presum- 
ably be of the order of 2 to 3. However, if another diffu- 
sional process exists, such as surface migration of the ad- 
sorbed molecules, the observed tortuosity would be de- 
creased. Since the values given in Table 3 are much less 
than 2, it is indicated that surface diffusion is occurring 
and that it becomes more significant in changing ad- 
sorbates from ethane to n-butane. Its increase in sig- 
nificance with molecular weight of adsorbate is expected 
since the adsorbed concentration increases. The role of 
surface diffusion in these results is discussed in the sub- 
sequent paper (15). What is to be noted here is that the 
effective difFusivities in Table 3 are applicable for use in 
predicting breakthrough curves. This is because surface 
migration operates in a parallel manner with gaseous dif- 
fusion in the volume of the pores, regardless of the con- 
centration change imposed as an initial condition at the 
entrance to the bed of adsorbent particles. 

Discussion 
The terms a,, Si, and 6, can be visualized as increments 

to the total width of the chromatographic curve-due to the 
resistances of the adsorption, internal diffusion, and ex- 
ternal diffusion processes. Axial dispersion cannot be 
depicted in this way, because its significance changes 
with the rate of flow of the carrier gas. Ratios such as 
a,/&, then show the relative importance of a particular 
process (when axial dispersion is not taken into the ac- 
count). In Table 4 these ratios are shown for the largest 
and smallest particle sizes. It is clear, that for the largest 
particles (R = 0.50 xrim.), intraparticle diffusion con- 
trols the overall process; the adsorption and external 
diffusion resistances combined contribute less than 4 % 
of the total. The resistance of the adsorption process is 
lower for hydrocarbons with higher molecular weight 
while the converse is true for external diffusion. This is 
because the mass transfer coefficient is proportional to the 
molecular diffusivity, DAB, which is in turn inversely pro- 
portional to the molecular weight. For the smallest par- 
ticles (R = 0.11 mm.) the contributions of the adsorption 
process and external diffusion are larger. However, intra- 
particle diffusion still plays the major role. As could be 
expected the resistance of the adsorption process is largest 
for ethane and lowest for n-butane. 

TABLE 4. CONTRIBUTIONS ( % ) OF THE THREE RESISTANCES 
TO THE SECOND CENTRAL MOMENT OF THE 

CmomroGwmc CURVE 

Ethane Propane n-Butane 

0.11 0.50 0.11 0.50 0.11 R = 
R =  R -  R =  R =  R =  

ma. mm. mm. mm. mm. 0.50mm. 
Adsorption 
resistance* 44.5 4.0 37.7 3.0 16.0 1.0 

Intraparticle 
diffusion 
resistancet 54.8 95.0 61.5 95.9 81.4 95.1 

External 
diffusion 
resistancet 0.7 1.0 0.8 1.1 2.6 3.1 

0 6a/& 
t 61 /81 
# 6 e  /& 

Particularly interesting is the minor part that the ex- 
ternal diffusion process plays in all cases. It should be 
noted also that at higher Aow rates kf  would increase, thus 
further decreasing the significance of mass transport to 
the external surface. 

For the largest particles, the calculated values of the 
intraparticle diffusivity are not affected by neglecting 
the adsorption and external diffusion resistances. If these 
resistances are completely neglected, D, for ethane be- 
comes 1.37 x sq.cm./sec. in com arison with 
1.41 x 
is even less, 2.92 x 10-3 vs. 2.93 x sq.cm./sec. 
Serious errors would result if this procedure were applied 
to the smallest particles. When R = 0.11 mm., D, €or 
ethane is but 0.80 x lO--3  sq.cm./sec. and for n-butane, 
2.35 x sq.cm./sec. 

While the effect of axial dispersion cannot be repre- 
sented as an additive resistance, its relative importance 
can be evaluated at a given velocity from the ratio 

from Table 3. For n-butane t R e difference 

( E * / a )  (1 + 8,)2(l/Vz) 
61 + (EJacY) (1 + & J 2 ( 1 / V 2 )  
- l._i-_- I- 

This ratio can be evaluated by referring to Figures 7, 8, 
and 9 for ethane, propane, and n-butane. The value of 
S1 is given by the intercept and (&/a) (1 + l /u2) 
is given by the verticle distance between 61 and the point 
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TABLE 5. KEY FOR FIGURE 11, COMPAR~SON OF CALCULATED AND EXPERIMENTAL BREAKTHROUGH CURVES 

Parameters values for calculated curves 
Internal diffusion External diffusion 

Adsorption 
Curve Hydrocarbon RQ (mm.) to (min.) Eq. (17) D E A 

1 ethane 0.50 1.36 3.24 2.39 x 10-3 340.0 
2 ethane 0.11 2.14 97.3 2.39 x 10-3 17.2 
3 propane 0.50 9.56 4.86 3.19 x 10-3 475.0 
4 propane 0.11 6.83 68.1 3.19 x 10-3 24.1 
5 n-butane 0.50 64.6 8.1 6.36 x 10-3 1468.0 
6 n-butane 0.11 38.4 115.7 6.36 x 10-3 74.5 

Q Lengths of the columns, z = 30.1 cm., 13.0 cm., 13.0 cm. for particles of R = 0.11 mm., R = 0.39 mm., R = 0.50 mm. respectively. 

on the curve corresponding to a particular velocity. I t  is 
apparent from these plots that the value of the ratio 
can vary from almost unity at  a very low velocity down 
to zero at  a velocity approaching infinity. In the inter- 
mediate range at which our experimental work was 
carried out, values of this ratio would be finite, indicat- 
ing that axial diffusion was important. In other words, 
erroneous results would have been obtained for such 
parameters as the intraparticle diffusivity had axial dis- 
persion been neglected. Only at very high velocities would 
it be possible to neglect this contribution to the shape of 
the chromatographic wave. 

BREAKTHROUGH CURVES 

The rate constants kads and D, determined from anal- 
ysis of chromatographic data can now be used to predict 
breakthrough curves by using Equations (9) to (20) .  To 
illustrate the results, Figure 11 shows such predicted 
curves and the experimental data points for the largest 
and smallest particle sizes. The numerical values of the 
parameters D, E, and A for the predicted curves were 
determined from Equations (18) to (20) and are given 
in Table 5. Also tabulated there are the values of to, cal- 
culated from Equation (17) ,  which were used to deter- 
mine the dimensionless time scale, T. The steeper curves 
are for R = 0.11 mm. while the flatter curves are for 
R = 0.50 mm. 

The agreement between the experimental data and pre- 
dicted curves is excellent. This is perhaps surprising since 
the prediction method neglects axial dispersion and in 
the previous section it was shown that axial dispersion 
influences the chromatographic wave. However, it is 
possible that axial disperison has more influence in chro- 
matographic measurements than on breakthrough curves. 
This is supported by the work of Babcock and colleagues 
(17)  who recently have analyzed the behavior of a packed 
bed, generalizing the earlier solutions (1 to 3 )  to include 
axial dispersion. Their results predict temperature break- 
through curves in response to a step-function input of 

REDUCED T IME,  r 

Fig. 11. Comparison of calculated and experimental breakthrough 
curves (50°C.) (Solid lines denote experimental curves; points are 

ca Iculated). 

thermal energy. However, it is possible from their re- 
sults to infer conclusions about concentration break- 
through curves. They have shown that the term involving 
axial dispersion depends on the intraparticle diffusion re- 
sistance ( R 2 / D , ) .  Thus the effect of axial dispersion can 
be unimportant when intraparticle diffusion resistance is 
large. Such coupling of these two effects does not occur 
in the analysis of chromatographic curves [see Equation 

I t  was shown that for R = 0.50 mm. neglecting ad- 
sorption and external mass transfer resistances had but a 
small effect on the value of D, obtained chromatographi- 
cally. Hence, breakthrough curves based upon neglecting 
the same resistances should have a good approximation 
to experimental breakthrough curves. This is illustrated 
in Table 6 which gives predicted concentration ratios for 
propane when all three resistances are considered, and 
when the adsorption resistance is neglected ( A  + a), 
the external diffusion resistance is neglected ( E  + 0) ,  
and when both resistances are neglected. In all cases 
the C / G ,  results are nearly identical. 

( 3 2 ~ .  

TABLE 6. BREAKTHROUGH CALCULATIONS 
FOR PROPANE AT 50°C. 

( R  = 0.50 mni., 0 = 2.88 cm./sec.) 

Relative concentration, c / c ,  ( % ) 
D = 4.86 
E = 3.19 E = 3.19 D = 4.86 D = 4.80 

D = 4.86 

Reduced x x 10-3 ( E +  0 )  ( E +  0)  
time,r A=475.0  ( A +  w )  ( A +  co) ( A +  0 0 )  

0.80 
0.84 
0.88 
0.92 
0.96 
1 .oo 
1.04 
1.08 
1.12 
1.16 
1.20 

10.4 
16.5 
24.1 
33.0 
42.6 
52.4 
61.7 
70.3 
77.6 
83.6 
88.4 

10.9 
16.9 
24.5 
33.2 
42.7 
52.4 
61.6 
70.0 
77.3 
83.3 
88.1 

10.7 
16.7 
24.3 
33.1 
42.7 
52.4 
61.7 
70.1 
77.4 
83.5 
88.3 

10.8 
16.9 
24.4 
33.2 
42.7 
52.4 
61.6 
70.0 
77.3 
83.3 
88.1 

CONCLUSIONS 

A method has been presented for obtaining adsorption 
rate constants for adsorption by analysis of chromato- 
graphic data. Further, it is possible to predict break- 
through curves using the adsorption equilibrium con- 
stants, adsorption rate constants, and effective intrapar- 
ticle diffusivities obtained from the chromatographic 
curves. In this paper the first absolute and second central 
moments were utilized. This required measuring chro- 
matographic curves for different carrier gas velocities and 
for different particle sizes of adsorbent. However, when 
the resistance of the adsorption process on the surface 
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need not be considered, it is sufficient to vary only the 
carrier gas velocity. The intraparticle diffusion coeffi- 
cients which result from such treatment are accurate 
enough for the prediction of the breakthrough curves. 

In principle there is another way to obtain the neces- 
sary constants which requires even less experimental 
measurements. It is based on analysis of the first, second, 
and third moments of the chromatographic wave, or 
more generally, on the analysis of any three moments. 
Unfortunately, the calculation of the third and higher 
moments necessitates very accurate experimental data. 
In the calculation of the higher moments, serious troubles 
arise from the uncertainty of the exact position of the tails 
of the chromatographic curves. A relatively minor change 
in the tail concentration is enlarged by multiplication by 
the third (or higher) power of time. This uncertainty in 
the higher moments can be overcome when the same 
measurement is repeated several times and the results 
are treated statistically, but then there is no reduction in 
extent of experimental measurements. When more ac- 
curate concentration detection devices are developed, the 
analysis of higher moments may be advantageous. 
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NOTATION 

Al(y),At(y) = functions given by Equation (10) and 
(11) 

A 
c 

ci 

= adsorption parameter, Equation (20) 
= Concentration of the adsorbable gas in the ihter- 

= concentration of the adsorbable gas in the pore 
particle space, mole/ml. 

mace. mole/ml. 
L ,  

= concentration of the adsorbed gas per unit weight 

= concentration of the adsorbable gas in the input 

= intraparticle-diffusion parameter, Equation ( 18) 
= effective intraparticle diffusion coefficient defined 

as the ratio of the diffusional flux through unit 
area of the geometrical surface of the particle to 
the negative of the intraparticle concentration 
gradient, sq.cm./sec. 

of adsorbent, mole/g. 

concentration function, mole/ml. 

= binary molecular diffusivity, sq.cm./sec. 
= Knudsen diffusivity, sq.cm./sec. 
= external diffusion parameter, Equation (19) 
= effective axial dispersion coefficient, defined as 

the ratio of the axial diffusional flux through unit 
area of the total cross section of the column to the 
negative of the interparticle concentration gradi- 
ent sq.cm./sec. 

h(p) = function given by Equation (25) 
kads = adsorption rate constant, defined by Equation 

kf = mass transfer coefficient defined by Equation 

K A  = adsorption equilibrium constant (adsorption co- 

m, ( n  = 0,1,2, . .) = integrals, Equation (28) 
M = molecular weight of the diffusing substance, g./ 

PINuAB = Nusselt number for mass transfer, Equation (45) 
NRe,  Nsc = Reynolds number, Schmidt number 
p 

(3) ,  ml/g.sec. 

(4),  cm./sec. 

efficient), defined as ( cads/c) equil, ml./g. 

mole 

= variable in the Laplace-Carson transformation 

qint,qext = tortuosity factors for intraparticle diffusion 
and for axial dispersions, Equations (47), (48) 

r = length coordinate in the spherical particle of ab- 
sorbent, measured from the center of particle, cm 

r = average radius of the pores, cm 
R = radius of the spherical particle of adsorbent, cm. 
R, = gas constant 
s = Laplace-Carson transform of c(z,t), Equations 

t = time, sec. 
to 

- 

( 2 2 )  and ( 2 3 )  

= time necessary for saturation of the adsorbent in 
the bed under conditions of no resistance, Equa- 
tion (17), sec. 

t oA ,  ( t o )  inert = time of duration of the injection of the ab- 
sorbable or inert gas in chromatography, sec. 

T = absolute temperature, OK 
II 

w 
y 
z 

= linear velocity af the carrier gas in the interpar- 

= deflection of the recorder pen 
= integration variable, Equation (9) 
= length coordinate of the bed of adsorbent, mea- 

ticle space, cm./min. 

sured from the inlet side, cm. 

Greek Letters 
LY 

/3 

y 
80,61,82,6a,6i,8e = expressions defined by Equations (34), 

01,02 = functions defined by Equation (12), ( 13) 
+I,& = functions defined by Equation ( 14), ( 15) 

= expression defined by Equation (26) 
JL,,’,~,, = nth absolute and central moment of the chro- 

matographic curve, respectively, Equations (27) , 

(p{)ined = first absolute moment for the nonadsorbable 

p, 
T 

u = kinematic viscosity. 

= interparticle void fraction in the absorbent bed 
= intraparticle void fraction (internal porosity) of 

= defined by Equation (24) 
the adsorbent 

(35), (36), and (41) to (43) 

(29) 

gas calculated from Equation (39) 
= apparent particle density, g./ml. 
= reduced time defined by Equation (16) 
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